Abstract. A very long-standing problem in Algebraic Geometry is to determine the stability of exceptional vector bundles on smooth projective varieties. In this paper we address this problem and we prove that any exceptional vector bundle on a smooth complete intersection 3-fold Y ⊂ P n of type (d 1 , . . . , d n−3 ) with d 1 + · · · + d n−3 ≤ n and n ≥ 4 is stable.
Introduction
Let Y be a smooth projective variety over an algebraically closed field k.
A vector bundle E on Y is called exceptional if Hom(E, E) k and Ext
i (E, E) = 0, for all i ≥ 1.
Exceptional bundles were introduced by Drézet and Le Potier [6] in order to characterise the Chern classes of stable coherent sheaves on P 2 . The set of exceptional bundles on the projective plane and, more generally, on projective spaces was afterwards studied by Drézet, Gorodentsev and Rudakov in [5] , [8] and [12] . For general results about exceptional bundles on projective varieties, see, for example, [2] , [3] , [4] or [10] .
The study of exceptional vector bundles plays an important role for the study of stable vector bundles and therefore, in the classification of vector bundles on a projective variety. A long-standing problem in Algebraic Geometry is to determine the stability of exceptional bundles on smooth projective varieties. Few contributions to this very difficult and interesting problem have been made. In [6] , Drézet and Le Potier prove that any exceptional bundle on P 2 is stable. The stability of exceptional bundles on the quadric P 1 × P 1 is proved by Gorodentsev in [7] , and the stability of exceptional Steiner bundles on P n , n ≥ 2, and on the hyperquadric Q n ⊂ P n+1 , n ≥ 3, is proved in [1] and [13] , respectively. In [14] , Zube proves that any exceptional bundle on K3 surfaces with Picard group Z is stable and uses this result to prove that exceptional bundles on P 3 are stable. His main idea is to prove that given an exceptional bundle E on P 3 its restriction E| X to a K3 surface X
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ROSA MARIA MIRÓ-ROIG AND HELENA SOARES with Pic(X) Z is an exceptional vector bundle on X and hence it is stable with respect to any ample divisor on X. The work of Zube provided the inspiration for the present paper, in which we prove that any exceptional bundle on a smooth complete intersection 3-fold
It is worth remarking that in most of the literature an exceptional bundle E on a K3 surface X is by definition a simple and rigid vector bundle, that is, a vector bundle satisfying Hom(E, E) k and Ext 1 (E, E) = 0. Due to Serre duality it follows that Ext 2 (E, E) k. In order to avoid any confusion with the definition of exceptional bundles given above, in what follows we will call them simple and rigid bundles.
The paper is organised as follows. Section 1 contains the basic concepts and properties on sheaves, stability and K3 surfaces and that which is essential for the following section. We use the definition of stability of Mumford and Takemoto. In section 2, we develop the main tools in order to reach our goal. Namely, we prove that if Y ⊂ P n , n ≥ 4, is a smooth complete intersection variety of dimension m ≥ 3 and of type (
surface X (Proposition 2.1). We then restrict our attention to the case m = 3 and prove that an exceptional bundle on Y , when restricted to X, is a simple and rigid vector bundle on X (Proposition 2.2). By [11, Theorem 7.5] , choosing X general, the Picard group of X is Z and thus, Zube's result implies that E| X is stable with respect to any ample divisor H. This will allow us to prove our main result, which asserts the following: 
Preliminaries
In this section we introduce the main definitions and results needed in the sequel and set up some notation. We start with some basic concepts on sheaves.
Throughout this paper all projective varieties are defined over an algebraically closed field k. Given any sheaf E on a smooth projective variety, we will denote by E ∨ its dual. For any two sheaves E and
The sheaf E is rigid if Ext 1 (E, E) = 0. If E is simple and, furthermore, it satisfies
then E is exceptional.
Examples 1.2.
(1) Instanton bundles on P 2n+1 are simple but not rigid and thus not exceptional.
(2) Let X be a K3 surface in P 3 , that is, a hypersurface of degree 4. If E is a simple and rigid vector bundle on X, then E is not exceptional, since
The line bundles O P n (l), l ∈ Z, and the tangent bundle T P n on P n are exceptional bundles on P n . In particular, they are simple and rigid. 
Proposition 1.5. Let X be a smooth algebraic variety. A coherent sheaf F on X is reflexive if and only if (at least locally) it can be included in an exact sequence
where E is locally free and G is torsion-free.
Let X be a smooth projective variety of dimension n and let E be a torsion-free coherent sheaf of rank r on X. Recall that the slope of E is the rational number
where H is a fixed ample line bundle on X and c 1 is the first Chern class of E. Definition 1.6 (Mumford/Takemoto). A torsion-free coherent sheaf E on a smooth projective variety X is semi-stable with respect to
Remark 1.7. The stability of a torsion-free sheaf E can be proved if we consider only subsheaves F of E such that the quotient E/F is torsion-free. In fact, if E is a torsion-free sheaf on a smooth projective variety X, E is stable (resp. semi-stable) if and only if
, for all coherent subsheaves F ⊂ E with 0 < rankF < rankE whose quotient is torsion-free.
One of the fundamental tools for our purposes will be to reduce our study to K3 surfaces. Let us give their definition and some examples.
If X is a smooth algebraic surface, we denote by K X the canonical line bundle on X. It follows from Serre duality that for any pair of coherent sheaves E and F on a K3 surface X,
The following are some of the most common examples of K3 surfaces.
Examples 1.9.
(1) A smooth hypersurface of degree 4 in P 3 . (2) A smooth complete intersection of a quadric and a cubic hypersurface in The next theorem, proved by Zube [14] , will play an essential role in our work. Theorem 1.10. Let E be a simple and rigid bundle on a K3 surface X with Picard group Z. Then E is stable with respect to any ample divisor H.
Stable exceptional bundles on hypersurfaces in P 4
In this section we prove the stability of exceptional vector bundles on a smooth complete intersection 3-fold
≤ n and n ≥ 4. Our first goal is to prove that there exists a K3 surface X contained in Y for which the restriction of an exceptional vector bundle E on Y to X is a simple and rigid vector bundle on X.
The next proposition guarantees that inside a smooth complete intersection 3- 
where g is a nonzero form of degree n + 1 −
Let E be an exceptional vector bundle on Y . Since E is a locally free sheaf, the restriction E| X is also a locally free sheaf, i.e., is a vector bundle on X. Now we prove that the vector bundle E| X is simple and rigid. Proof. Consider the short exact sequence
Proposition 2.2. Let E be an exceptional vector bundle on a smooth complete intersection 3-fold
Y = V(f 1 , . . . , f n−3 ) ⊂ P n , n ≥ 4, of type (d 1 , . . . , d n−3 ) with d 1 + · · · + d n−3 ≤ n,0 −→ O Y n−3 i=1 d i − n − 1 −→ O Y −→ O X −→ 0.
Tensoring it by E
∨ ⊗ E and taking cohomology, we get
. Hence, by Serre duality we have
and so we deduce that
Therefore, E| X is simple and rigid.
To apply Zube's theorem we need to guarantee that Pic(X) ∼ = Z. To this end, we will apply Moisezon's theorem. 
Proof. See [11, Theorem 7.5] .
At this point, we conclude that if E is an exceptional vector bundle on a smooth complete intersection 3-fold Y ⊂ P n of type (d 1 , . . . , d n−3 ) with d 1 + · · · + d n−3 ≤ n and n ≥ 4, then the restriction E| X to a K3 surface X defined as in (2.1) is stable provided that g is general. In fact, by Lefschetz's theorem, Pic(Y ) Z and it is easy to check that under our numerical assumptions we have h
. Therefore, Moisezon's theorem applies, and we conclude that Pic(X) Z and thus Zube's result, Theorem 1.10, implies that E| X is stable.
We can now prove our main theorem. Proof. Suppose E is not stable. Then there exists a subsheaf F of E whose quotient is torsion-free and such that µ H (E) ≤ µ H (F ) (see Remark 1.7). In particular, F can be included in a short exact sequence
where E is locally free and G is torsion-free. Therefore, by Proposition 1.5, F is reflexive and hence, by Proposition 1.4, F is locally free outside finitely many points.
Let f 1 , . . . , f n−3 be the nonzero forms of degree
(see the proof of Proposition 2.1). As mentioned above, if we choose g general, then Moȋšezon's theorem allows us to conclude that the Picard group of X is Z. Moreover, we may assume that X does not contain the points where F might not be locally free. Hence the restriction F | X is a locally free sheaf, and so we may assume that F | X is a subbundle of E| X .
On the other hand, Proposition 2.2 implies that E| X is a simple and rigid vector bundle on X. Applying Theorem 1.10, E| X is stable with respect to any ample divisor H and thus
contradicting our hypothesis that E is not stable.
Remark 2.5. If we think of doing a similar study for exceptional bundles on P n for n ≥ 5 (resp. in Y ⊂ P n , n ≥ 4, a smooth complete intersection of dimension m > 3 and of type (d 1 , . . . , d n−m ) and such that d 1 + · · · + d n−m ≤ n − m + 3), we see that by Proposition 2.1 we can also find a K3 surface X in P n (resp. in Y ⊂ P n ). However, the problem is that we cannot guarantee that E| X is simple and rigid, as we did in Proposition 2.2 for the case m = 3.
As an immediate consequence of Theorem 2. 4 
